The ability to precisely and selectively excite superpositions of specific fiber eigenmodes allows one in principle to control the three dimensional field distribution along the length of a fiber. Here we demonstrate the dynamic synthesis and controlled transmission of vectorial eigenstates in a hollow core cylindrical photonic bandgap fiber, including a coherent superposition of two different angular momentum states. The results are verified using a modal decomposition algorithm that yields the unique complex superposition coefficients of the eigenstate space.
Introduction
Waveguides supporting a multiplicity of iso-frequency states are characterized by an entropic increase in the population of states due to axially distributed perturbations. Initiating and maintaining a specific population through a controlled excitation and transmission of coherent superposition of eigenstates in a "constant entropy" regime can be highly desirable. The motivation is twofold. First, the formation of three dimensional field distributions can be achieved along the longitudinal dimension of a fiber providing a new medium for controlled light matter interactions. Second, the larger modal area and the controlled excitation could enable high-power lasers and waveguides to operate in higher energies without compromising the beam quality. Here we introduce an approach to synthesize, controllably transmit, and analyze coherent superpositions of fiber eigenmodes beyond the traditional single mode excitation. We show that in fact one may produce coherent linear superpositions of isofrequency vectorial modes with different angular momenta and control their weights in real time.
In the past, coupling preferentially to a single specific fiber mode of weakly multimoded fibers has been achieved through the introduction of perturbations to the fiber structure such as fiber bends [1] , gratings [2] , or radial modulation to the refractive index profile [3] . Other approaches involve the modulation of the input beam phase or amplitude either by the fabrication of subwavelength polarization masks [4] , or using a spatial light modulator (SLM) [5, 6] . Nevertheless, to date, the controlled excitation and transmission of a coherent superposition of eigenstates has yet to be demonstrated. Indeed very little work has been done on the active use of controlled excitation of many-mode systems, predominantly due to the difficulty in synthesizing the required multi-mode profile, controlling its transmission, and the lack of a reliable approach to confirm the content of the propagated beam.
Controlling the eigenstate population of multimode waveguides enables the introduction of a characteristic axial length scale even in photonic structures that have complete axial translation symmetry. The length scale is associated with the spatial mode beating between non-degenerate iso-frequency modes and can be tailored by a proper choice of the expansion coefficients of the eigenstate superposition. The prospect of achieving such control offers a path towards studying physical phenomena that involve the interaction of a prescribed modulated field with the core matter over the extended length of the fiber. Indeed, the emergence of hollow core fibers in the past decade already pave the way to study the interactions of a tightly confined optical field with atoms, molecules, and particles over the extended length of the fiber [7] [8] [9] [10] [11] [12] . Combined with the approach presented here, precise control of particles could be achieved, similar to optical lattices [13] , and optical tweezers [14] , but over the macroscopic length scale of a fibers. In this work we suggest a path to such realization by demonstrating a controlled population of several modes in a many-modes hollow core photonic bandgap (PBG) fiber. Figure 1 depicts a cross section of such fiber and an intensity pattern of a coherent superposition of four low-energy modes of such fiber demonstrating the ability to form periodic patterns inside the hollow core. 
Controlled eigenstates population in a PBG fiber
To demonstrate this approach, a cylindrically symmetric hollow-core photonic band gap fiber with core diameter of 68 µm was drawn using the preform-based fabrication method [15] [16] [17] . Such fiber supports several thousands of vectorial leaky-modes by confining light in the hollow core region via omnidirectional reflection from the cylindrically symmetric multilayer structure lining the core [18, 19] . Figure 1 shows a cross sections of the fiber highlighting the multilayer structure of alternating polymer (polyethersulfone, 250-nm thick) and chalcogenide glass (As 2 S 3 , 145-nm thick).
The electric field of the nth mode of such structure is given by Ψ r where c n are the complex expansion coefficients. In particular we study the superposition of two of the fundamental modes of this fiber by sculpting the phase profile of a Gaussian laser beam using a SLM and introducing it into the hollow-core fiber. Our choice of direct phase modulation, as opposed to holographic techniques, stems from the desire to avoid the computational latency associated with hologram calculations, allowing real time dynamic manipulation of the field. We verify that the desired superposition is achieved by using a modal decomposition technique that yields the complex expansion coefficients of the core-confined modes from intensity images of the fiber output [20] . The results of the modal decomposition confirm that we are in fact smoothly varying the relative weights of the two selected modes in a controlled manner. Note that, this technique is quite general and may be used in optical waveguides other than fibers and in any spectral range.
A common difficulty when dealing with many-mode waveguides is the inadvertent mode coupling that occurs along the fiber length due to perturbations to the fiber structure. While the exact coupling strength between two modes depends on the nature of the perturbation, in many practical cases, to a good approximation [18] , the power that couples from one mode Ψ n to another Ψ n' is proportional to ∆β n'n −2 where ∆β n'n =β n -β n' is the mode separation. From general phase-space arguments it can be shown that the mode separation scales as ∆β ~R −2 with R being the core radius. Using these general scaling arguments, the mode coupling strength due to intentional perturbations such as fiber bends can be induced or inhibited by controlling the fiber bend radius. In the PBG fiber used here, with core diameter of roughly 45 wavelengths the fiber bend radius should be kept above 46 cm in order to inhibit any significant mode coupling. Mode coupling can also occur due to unintentional perturbations such as mechanical stress, microbends, or manufacturing imperfection. In such cases the strategy is to weaken the coupling strength by reducing the core diameter while assuring the fiber still supports the modes of interest.
For definiteness, we focus on two selected modes of this fiber, the TE 01 and the HE 11 . The intensity profile and polarization of the modes are shown in Fig. 2a . The TE 01 with angular momentum zero is non-degenerate, purely transverse, with polarization vortex at the origin and doughnut shaped intensity profile. The HE 11 is the lowest energy, double degenerate, hybrid mode with Gaussian like beam profile. We note that the TE 01, the lowest-loss mode for such a fiber structure, is linearly polarized in ê θ , and has complete angular symmetry. Thus, unlike the usual doubly degenerate linearly polarized modes of a "single-mode" fiber, such a mode is truly single mode, and would thus avoid the usual pitfall of polarization mode dispersion [21] . The HE 11 mode is linearly polarized (in Cartesian coordinates) and has angular momentum one. The transmission bandwidth of the HE 11 is expected to be strongly affected by the narrower transverse magnetic (TM) band gap. that are imparted to the x -polarized Gaussian laser beam and the corresponding calculated coupling (e) to the twelve lowest modes with m<3 at the input (light blue) and after propagation through a meter long fiber (dark blue) taking into account differential modal losses.
One characteristic of these modes that is of importance in the discussion that follows is that each polarization component of the HE 11 field has a constant phase, while the TE 01 field has two halves that differ by π, parallel to the polarization of the linear projection ( Fig. 2b-c) . Since in general, modes supported by this fiber are vectorial, two orthogonal polarization components of the field need to be modulated in order to synthesize a perfect eigenstate. However, we note that modulation of a single polarization component using single SLM can result in preferential excitation owing to the differential modal losses of the PBG fiber [18] . The strategy to excite such low-energy modes can be therefore to modulate the phase distribution of the incident beam with the phase of one polarization component of the desired mode. The two phase distributions presented in Fig. 2d when imparted to a Gaussian beam profile result in nearly single mode propagation after a meter long fiber. Figure 2e provides theoretical calculation of the coupling coefficients at the input facet for each phase pattern (light blue) and at the output facet (dark blue) taking into account the propagation loss of each mode. Thus, the simple control over the phase front, together with the fiber inherent mode filtering, suggests that one not only may controllably switch between these different modes but can also controllably excite superpositions of these modes.
Experimental setup and results
We used a linearly polarized laser beam at 1.5 µm from a tunable optical parametric oscillator (MIRA OPO, Coherent) that is synchronously pumped with a Ti:Sa laser (MIRA, Coherent) as our source. Figure 3a depicts the optical setup in which the linearly polarized Gaussian beam from our source is spatially filtered and magnified before it impinges normally on a reflective SLM (SLM PPM x7550, Hamamatsu) through a beam splitter. Then it reflects back to a lens (focal length 15 cm) that couples the beam to the fiber. The SLM imparts a computer-controlled phase distribution to the optical wave front. The beam at the output of the fiber is imaged using a microscope objective (x40) onto an InGaAs CCD camera (NIR SU320-1.7RT, Sensors Unlimited, Inc.). Applying the constant phase distribution, θ HE11 , to the SLM results in strong coupling to the HE 11 mode as apparent from the measured near-field intensity images (upper panel of Fig.  3b ) taken at two perpendicular polarizations by placing linear polarizer between the exit of the fiber and the camera. To preferentially excite the TE 01 mode, θ TE01 is imparted to the beam. This overlaps with one Cartesian polarization of the TE 01 and thus couples to it with maximum efficiency of 37% but also with the same efficiency to the HE 21 (upper panel of Fig. 2e ). However since the propagation length of the HE 21 is shorter than of the TE 01 , as indicated by Fig. 2e , the measured intensities after a meter long fiber indicates predominant TE 01 component at the fiber output. Exact analysis of those measurements using mode decomposition technique is presented at the next section. 8. All measurements were performed at 1.5 µm wavelength, lying inside the fiber transmission photonic band gap. It is interesting to note that tuning the wavelength of the input field outside the TM band gap while staying inside the broader TE band gap results solely in the excitation of an extremely pure TE 01 mode regardless of the input coupling condition. This can be understood by the fact that even small residual coupling to TE mode survives the propagation through the fiber while other modes are not guided at all.
While it may be possible to identify some of the simpler low-order modes by using a linear polarizer to obtain intensity projection profiles, the same is not possible when the beam is a superposition of such modes. In such cases a distinct approach is required that reliably decomposes the output beam into its constituent modes revealing the relative (complex) contribution of each eigenmode, c n . We previously developed a non-interferometric approach to achieve modal decomposition of the fields at the output of a general waveguide [20] . The technique utilizes a mapping of the two-dimensional field distribution onto the onedimensional space of waveguide eigenmodes, together with a phase-retrieval algorithm to extract the amplitudes and phases of all the guided vectorial modes. This approach necessitates the acquisition of two near-field and two far-field intensity measurements at orthogonal polarizations. Here, near-field measurements were obtained by imaging the fiber facet to the camera using the microscope objective lens, while the far-field measurements were obtained by recording the output of the fiber with no lens. The size of the fiber core ensures that the diffracted field after a free-space propagation of one centimeter already corresponds to the far field. Fig. 4. (a) Coupling strength of the different modes as obtained from the mode decomposition algorithm for several values of the superposition coefficient a. The inset shows consolidated results for the main two modes together with theoretical calculation of the expected coupling coefficients. (b) Three-dimensional time averaged intensity pattern of the superposition defined by a = 0.625 (color scheme similar to Fig. 1 ) presented over 3.75 beat lengths (2π∆β −1 ) of the two modes. To the right, the reconstructed and measured intensities at the end facet of the fiber are compared.
We have shown above that switching the phase distribution imparted to the beam from θ HE11 to θ TE01 results in the output beam switching between the HE 11 and TE 01 modes. It is thus reasonable to expect that a weighted sum of the two phases will result in a beam which is composed of a weighted superposition of the two modes. More explicitly, in the limit where the two modes dominate the population of the output beam, by setting the SLM with the superposition phase θ s = a⋅θ TE01 + (1-a) where c 0 is the relative weight that corresponds to θ TE01 (a=1). We have implemented the above outlined idea experimentally by varying the phase of one half of the phase image from 0 to π while keeping the other half fixed to 0, corresponding to varying a from 0 to 1. For each value of a we acquired the four required intensity images. We applied the mode decomposition algorithm for each set and obtained the complex coefficients of the first 12 lowest energy modes with m<3. Examples of the acquired far-field intensity images for a = 0.625 are shown in Fig. 3c together with the intensity images of the reconstructed field. Neglecting modes with |c n | 2 <0.1, the coherent superposition as obtained from the mode decomposition algorithm is . The absolute square of the coefficients for each value of a for all considered modes are shown graphically in Fig. 4a . As expected, the weight of the HE 11 is maximal for a=0, and that of the TE 01 is maximal for a = 1. For intermediate values a controlled superposition of the two eigenstates is obtained. The inset of Fig. 4a shows the relative weight of the TE 01 and HE 11 modes with the expected theoretical line obtained from the expression for c TE01 . The small discrepancies between the measurement and the theoretical values are attributed to the weak excitation of other modes that are neglected by the approximation made to the expression of c TE01 . The weak population of other modes at the output of the fiber is attributed to fast-decaying modes that are excited either by the input beam (as suggested by Fig. 2e ) or inadvertently due to system imperfections. In the previously discussed case of a = 1 the relative weights of the measured modes as obtained from the decomposition (Fig. 4a ) and the theoretical values ( Fig. 2e) closely match for the TE 01 and the TE 02 , 0.72 and 0.1 respectively, while some discrepancies are observed for the HE 11 and HE 21 . The differences are attributed to possible misalignment of the input beam with respect to the fiber's core which can give rise to inadvertent excitation of modes as well as differential losses due to surface roughness at the core boundary interface. This ability to control the eigenstates population provides a mean to determine and tailor the three dimensional field distribution along the fiber axis. Figure 4b shows the time averaged intensity distribution of 2 S Ψ calculated for a longitudinal distance of several ∆β −1 until the end facet of the fiber where the measured and calculated cross section patterns are presented and compared. This result demonstrates the ability to construct a volumetric intensity (and field) patterns inside the fiber from knowledge of the complex expansion coefficients through control excitation of eigenstates at the input and verification of the modal content at the output of a waveguide. While this intriguing result is obtained by populating only two eigenstates in the superposition, scaling up to many modes can be achieved by the modulation of both polarization states. Since a single SLM allows the modulation of only one polarization component, the modal distributions that may be excited in the eigenstate space is limited to those that include modes with slower decay lengths than the superfluous modes that are excited due to the imperfect field structure at the input to the fiber. A complete control could be achieved by modulating both the phase and amplitude of the vectorial field by using an additional SLM or dividing the SLM pixel array to two regions treating each polarization separately.
Conclusions
We have demonstrated a simple approach to shape the field distribution inside a many-mode optical waveguide by a controlled population of its eigenstates. This modal control was verified by the use of a mode decomposition algorithm that uncovers the complex expansion coefficients of the different modes in the output beam. The prospect of controlling the transmission properties of a multimode waveguide and molding the optical intensity distribution along the extended length of the fiber would provide new capabilities in the study of light guidance and light-matter interaction in waveguides.
